We theoretically investigate the use of the intense transverse field created by a relativistic electron bunch to drive strong-field processes. Such bunches can be easily implemented from beam shaping in existing electron accelerators. We focus on the process of strong-field driven high harmonic generation and calculate the single-atom dipole response to the space-charge field of relativistic tilted electron beam. We compare the emitted radiation spectrum of the space-charge field to that of a few-cycle laser pulse and show that the space-charge field creates a spectrum which extends much further into the X-ray domain. We apply simple classical trajectory analysis to understand this result.
We theoretically investigate the use of the intense transverse field created by a relativistic electron bunch to drive strong-field processes. Such bunches can be easily implemented from beam shaping in existing electron accelerators. We focus on the process of strong-field driven high harmonic generation and calculate the single-atom dipole response to the space-charge field of relativistic tilted electron beam. We compare the emitted radiation spectrum of the space-charge field to that of a few-cycle laser pulse and show that the space-charge field creates a spectrum which extends much further into the X-ray domain. We apply simple classical trajectory analysis to understand this result.
For a relativistic charged particle moving at constant velocity, the electric field along the direction of propagation is Lorentz invariant, whereas the transverse field is enhanced by a factor of γ, the Lorentz factor 1/ 1 − ( v /c) 2 . As a result, the electric field in the laboratory frame is flattened into an oblate or "pancake" distribution in the transverse plane. For the case of an electron beam, the effect turns into a collective spacecharge field linearly proportional to the beam current with a peak amplitude E ⊥ ∼ Z 0 I/2πr b , where Z 0 is the free-space impedance, I is the beam current, and r b is the electron beam radius. With modern electron accelerators driven by high-brightness photo-injectors it is possible to achieve transverse field amplitudes of hundreds of GV /m [1], and beam durations on the order of a few femtoseconds (fs). Strong space-charge fields have been employed to ionize plasmas in plasma-wakefield acceleration experiments [2] , and the use of field-ionization from electron bunches has recently been proposed as a diagnostic tool for high-brightness electron bunches [3] .
In this letter we theoretically investigate the use of the intense transverse field created by a relativistic electron bunch to drive strong field processes in atomic targets. The interaction of an isolated atomic system with an intense electric field is one of the forefront problems in atomic, molecular, and optical physics. Over the past fifty years, the response of atomic, molecular, and solidstate systems to intense laser fields has received considerable attention. Initially the problem of tunnel ionization of free atoms subject to strong low-frequency fields was considered by Keldysh [4] . With the development of high pulse energy, ultrafast laser systems, the availability of strong-laser fields, which approach (and exceed) the atomic unit of intensity has led to many new discoveries such as above-threshold ionization (ATI) [5] , above threshold dissociation (ATD) in molecules [6] , high harmonic generation (HHG) [7, 8] and multiple ionization [9] , while also posing a number of unanswered questions.
For an isolated atomic or molecular system, the dynamics of an electron subject to an intense electromagnetic field are to good approximation described by a semi-classical theory that considers the classical motion of the electron in the field, neglecting the effect of the Coulomb potential [10] [11] [12] [13] . Using this strong field approximation (SFA) over recent decades, researchers have demonstrated valuable applications of controlling strongly driven electron dynamics. Most notably, gas phase HHG has been used to generate attosecond pulse trains [14] and isolated attosecond pulses [15, 16] , as well as a direct probe of strong-field driven attosecond electron motion with high harmonic spectroscopy [17] . These previous works have only considered the case where the strong-field is derived from a laser source: we have yet to find a work that has taken advantage of the relativistic electron beam as the source for the strong field. Here, we present the analysis of the single-atom dipole response to the transverse space-charge field of a relativistic electron beam as an investigation of the applicability of these beams to strong field physics. In the semi-classical theory first described in [12] , an intense laser field initially tunnel ionizes an electron from an atomic target. The tunnel ionized electron follows the classical trajectory for an electron subject to the strong laser field, with zero initial velocity. For an oscillating electric field, electrons ionized at a time when the magnitude of the electric field is decreasing will eventually return to the ionic core, where it is possible to recombine and release the excess kinetic energy as a high energy photon. For a classical plane wave, the maximum kinetic energy of the returning electron is roughly 3.17U p , where
2 is the ponderomotive or quiver energy (in atomic units) of a free electron in an electric field with amplitude E 0 . The three-step model predicts that the highest observable (or cut-off) photon energy is given by E max = I p + 3.17U p , where I p is the ionization potential of the atom. The favorable λ 2 -scaling of the ponderomotive potential can extend the HHG spectrum to soft X-ray wavelengths with the use of infrared drive lasers.
The space-charge field of an electron bunch as sampled by a static observer is typically a unipolar field, which is inadequate for the generation of harmonics in gas since it does not allow the electrons to return to the parent ion. Consider instead the space-charge field of a tilted relativistic electron beam measured at a point on-axis along the propagation direction, as depicted in Fig. 1 , the space-charge field points radially outward at any point in space. The field experienced by an atom positioned along the symmetry axis of the electron bunch experiences a field that initially increases, and then quickly reverses sign at the pivot point of the electron bunch. We note that tilted electron bunches have been employed at the Linac Coherent Light Source (LCLS) for the generation of two-color FEL pulses and can be generated with a passive dechirper [18] , with a transverse cavity, or using transverse dispersion with a chirped electron bunch [19] [20] [21] [22] . The electric field strength of the tilted bunch can easily reach up to tens of GV/m. In what follows, we consider the space-charge field of a tilted electron bunch as a driving field for HHG. We find an interesting result, that the characteristic temporal structure of such a driving field creates a broader HHG spectrum than is expected from a similar few-cycle laser pulse. Assuming a Gaussian transverse distribution of the electrons, the space-charge field can be written as,
where Z 0 is the free-space impedance, I b is the beam current, σ r is the root-mean-square width of the slice, and the r coordinate is defined as the distance from the axis of beam propagation to the center of the beam slice under consideration. When the electron beam is tilted by an angle of θ, we can write r = cttanθ, where we assume that the electron beam is traveling at highly relativistic speeds close to the speed of light, c. We can rewrite Eq. 1 as where we have defined σ t = σr /ctanθ and grouped the prefactors into an amplitude E 0 . The function F (t) in Eq. 2 is a characteristic current function of the electron bunch. This expression is valid if the electron bunch length in the rest frame is much larger than the transverse beam size L b γ >> σ r , and if the tilt angle in the rest frame is much smaller than unity. Thus we transform the expression of the electric field with variables θ and σ r into an expression with two independent variables E 0 and σ t . The variable σ t is linearly proportional to the wavelength λ of the field, which we define as the central frequency of the Fourier transformed field (Eq. 2). For the example field profile in Fig. 1 , λ = 2 µm (or σ t = 0.11λ/c with the proportionality factor found empirically) and the field amplitude is taken to be unity.
The general shape of the electric field from the tilted electron beam resembles that of a sinusoidal wave with zero crossing on axis, except the former has a non-zero tail due to the 1 t factor in front. Realistically, we implement a beam filter which takes account of the finite longitudinal size of the electron beam that effectively kills the long tails. It is common to have a double horn structure of the electron beam coming from an electron accelerator [23] , so we construct the beam filter by superposing two Gaussian functions together with a time separation equal to the bunch length. By multiplying the beam filter with the electric field in Eq. 2 we get a more realistic rep- Panel (a) also shows the results of trajectory analysis for the trajectory which corresponds to an electron with maximum return energy driven by the single-cycle sinusoidal wave (dashed, yellow), and the space-charge field (dashed, purple). The amplitude of dashed purple curve has been scaled down by a factor of 10 to better fit in the figure. We also include the trajectory (dashed, green) that corresponds to an electron driven by the space-charge field that returns with the maximum energy for the single-cycle pulse.
resentation of the field generated from a tilted electron beam. Note that the effect of the beam filter is mostly to provide a finite bunch length constraint. The result in this letter is not sensitive to the specific shape of the beam filter. We choose the double Gaussin filter due to its similarity to the double horn profile commonly seen at LCLS. In order to approximate the HHG spectrum we calculate the time-dependent dipole moment of a single atom placed along the axis of beam propagation, as depicted in Fig. 1 . Our quantum mechanical calculations are made in the SFA using an open source software package [24] . The field shown in Fig. 2 is the transverse field of an electron beam tilted by an angle θ = 85.8
• with σ r = 3 µm. For a peak current of a few kilo-amps, the peak field amplitude can reach 50 GV/m. Taking the Fourier transform of the temporal field we find the wavelength to be 2 µm. The double Gaussian beam filter has a root-mean-square width of 2 µm and a peak separation of 5 µm. The calculated single-atom HHG spectrum exhibits a nearly structureless plateau region out to more than 900 eV. To produce a time-domain dipole response, the low frequency (< 20 eV) contributions are first filtered out by a half-Gaussian, high-pass filter, centered at 20 eV and then Fourier transformed. The modulus squared of the time-domain dipole response (Fig. 2 (c) ) shows that these X-rays are emitted in a single burst. The emitted X-ray pulse has a duration of 316 as (FWHM), which is substantially longer than the Fourier transform limit. This is due to the large group delay dispersion (or chirp) which results from the HHG process [25] .
As a comparison with HHG from more conventional ultrafast laser pulses, Fig. 3 shows the dipole spectrum calculated for the field considered in Fig. 2 along with a single-cycle sinusoidal laser pulse with a central wavelength of 2 µm, identical to the central wavelength of the space-charge field. The two spectra look qualitatively similar below 200 eV, however the spectrum of the dipole moment from the space-charge field extends to much higher photon energies. To better understand the origin of the differences in Fig. 3 and for overall understanding of the HHG process for space-charge beams, we turn to a classical trajectory model described in the introduction. In the semi-classical three-step model, the energy of the emitted photon,E γ , is given by the sum of the energy of the returning electron, E R and the ionization potential of the target, I p [12] ,
In this model, the energy of the returning electron is given by,
where p(t; t i ) = α( A(t i ) − A(t)), is the momentum of an electron (in a.u.) ionized at time t i . A(t) is the vector potential of the incident electric-field, E(t) = −α∂ t A(t) . The ionized electron will return to the ionic core at time t r satisfying the relation,
Figure 2 (d) shows the result of the three-step model analysis. The maximum return energy for the ionized electron is ∼ 900 eV. When added to the ionization potential of hydrogen (13.6 eV), this gives a cut-off energy of ∼ 914 eV, in agreement with the quantum mechanical simulation (Fig. 2) . This is because the main contribution to the dipole moment comes from the quantum paths whose quasiclassical action is stationary, and therefore represents a classical trajectory [13] . Figure 3 (a) shows three examples of classical trajectories for the ionized electron in the external electric field. The dashed yellow curve shows the electron trajectory corresponding to the maximum return energy for the single-cycle laser field (red), whereas the dashed purple curve shows the trajectory corresponding to the maximum return energy for an electron subject to the spacecharge field (blue). The dashed green curve shows the trajectory for an ionized electron subject to the spacecharge field that has the same return energy as the singlecycle field cut-off energy. The space-charge field driven trajectories corresponding to the highest recombination energies make use of the temporal tails of the field. The leading edge leads to trajectories with large electronic excursions, while the trailing edge further increases the recombination energy of these long trajectories in comparison to laser-driven trajectories where the field goes to zero (single cycle) or even decelerates the electron (multicycle).
We have also investigated the effect of the space-charge field wavelength on the single-atom dipole response, by varying the length of the electron bunch, σ t , while keeping the beam filter unchanged. Figure 4 shows the case of 1 µm, 2 µm, and 3 µm central wavelength. Increasing the electron bunch length (or wavelength) results in an extension of the high energy cut-off, similar to conventional laser driven HHG. For multi-cycle laser pulses the cutoff energy scales quadratically with the drive laser wavelength. However, the space-charge field shows a wavelength scaling that is dominantly linear. The linear dependence is a consequence of the fact that we only change σ t , and do not scale the beam filter function, which corresponds to varying the tilt angle and transverse beam size while leaving the current profile unchanged. Conversely, scaling the bunch duration together with σ t results in the cutoff energy scaling as E max ∝ λ 2 , consistently with the behavior of laser-based HHG. Additionally, we find that the cut-off energy scales linearly with the field intensity |E 0 | 2 in both cases. In conclusion, we have proposed to use the extreme fields generated by the space-charge field of a tilted electron bunch to drive strong-field processes in atomic systems. As a first example, we consider strong-field driven high harmonic generation, which is a hallmark problem in strong field atomic physics. We implemented quantum mechanical simulations of the HHG process in the strongfield approximation with realistic beam parameters and compared these results to more conventional few-cycle laser pulse HHG. We find that the unique temporal shape of the space-charge field has interesting consequences on the free electron wavepacket, which leads to extension in the photon energy cutoff.
Although we have focused on the single-atom dipole response, propagation effects will also play a crucial role in the spectral shaping of the generated light and the overall efficiency of the process. Phase matching considerations for a relativistic electron beam are quite different than those for an infrared driving pulse. Preliminary calculations assuming a constant temporal profile of the space-charge field indicate that coherent buildup over >10 bar·mm can be reached in the soft X-ray region, limited by the superluminal phase velocity of the emitted X-rays. Interestingly, the increase of the index of refraction at atomic core resonances could help phase match the HHG process locally. However, the effect of the gas target and of the induced plasma on the electron bunch may also need to be considered.
A potentially useful consequence of HHG driven directly by a relativistic beam is the possibility of creating a broad-bandwidth, sub-femtosecond X-ray pulse that are co-timed to the electrons with attosecond precision. These HHG pulses could be propagated along with the relativistic beam through an undulator line to create tunable narrow-band X-ray pulses which are concomitant with an X-ray continuum.
In addition to being a useful process for creating an X-ray continuum, we believe that the transverse field of an electron bunch is a useful tool for many strongfield physics problems. For example one could use spacecharge fields to drive above threshold ionization, above threshold dissociation in molecular systems and multiple ionization.
